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Abstract. In this paper, we establish some new Hadamard type inequah- 
ties using elementary well known inequalities for functions whose inequalities 
absolute values are a-, m-, (a, m)-logarithmically convex. 



1. INTRODUCTION 

Let / :/ CR— ^Mbea convex mapping defined on the interval / of real 
numbers and a, 6 G /, with a < b. The following double inequalities: 

/(«) + /(&) 



hold. This double inequality is known in the literature as the Hermite-Hadamard 
inequality for convex functions (see T-'8|). 

In this section, we will present definitions and some results used in this paper. 

Definition 1. Let I be an interval in M. Then / :/ ^-M, said to be 

convex if 

(1.1) / {tx +{l-t)y)< tf (x) + {l-t)f iv) . 
for all x,y €z I and t G [0, 1] . 

In Jj, the concepts of a-, m- and (a, TO)-logarithmically convex functions were 
introduced as follows. 

Definition 2. ^ function f : [0, b] — > (0, oo) is said to be m -logarithmically 
convex if the inequality 

(1.2) / (te + m (1 - t) y) < [f {x)f [f {y)r^'-'^ 
holds for all x,y € [0,b], to G (0, 1], and t G [0, 1]. 

Obviously, if putting m = 1 in Definition [21 then / is just the ordinary logarith- 
mically convex on [0,b]. 

Definition 3. 8 A function f : [0, b] (0, oo) is said to be a-logarithmically 
convex if 

(1.3) f{tx + {l-t)y)<[f{x)f[f{y)f-'''^ 
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holds for all x, y e [0, 6], a G (0, 1] and t e [0, 1]. 

Clearly, when taking a = 1 in Definition [Sj then / becomes the ordinary loga- 
rithmically convex on [0, 6]. 

Definition 4. [1 A function f : [0,6] — )■ (0, oo) is said to be (a,'m)-logarithmically 
convex if 



holds for all x,y e [0, b], {a, ni) E (0, 1] x (0, 1] , and t G [0, 1]. 

Clearly, when taking a = 1 in Definition [4l then / becomes the standard m- 
logarithmically convex function on [0,6], and, when taking to = 1 in Definition lU 
then / becomes the a-logarithmically convex function on [0,6] . 



In order to prove our main theorems, we need the following lemma 

Lemma 1. Let f : I C M. ^ M. be a differentiable mapping on 1° , a,b E 1° 
with a < b. If f £ L [a, 6] , then the following equality holds: 



A simple proof of this equality can be also done integrating by parts in the right 
hand side (see p]). 

The next theorems gives a new result of the upper Hermite-Hadamard inequality 
for a-, m-, (a, m)-logarithmically convex functions. 

Theorem 1. Let I D [0, oo) be an open interval and let f : I ^ (0, oo) be a 
differentiable function on I such that f G L (a, 6) for < a < b < oo. // [/' {x)\ is 
{a, m)-logarithmically convex on [O, ^] for (a, to) g (0, 1]^ , then 



(1.4) 



f{tx + m{l-t)y)<[f{x)f [fiy)] 



m(l-t°) 



2. NEW HADAMARD-TYPE INEQUALITIES 



(2.1) 




(2.2) 




77 < 1 



where IT ^ If (a)|/|/'(A) 



m 
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Proof. By Lemma [T] and since |/'| is an (a, m)-logarithmically convex on [O, ^] , 
then we have 



/(«) + /(&) 1 



< 



< 



b — a 
2 

b — a 
2 

b — a 



2 b-a 

.1 <.! 



/ (x) dx 



"'0 

1 fi 



(/' (to + (1 - i) h)) - (/' (sa + (1 - s) b))\ \s - t\ dtds 

m(l-t°) 



-t\\ria)f 



^0 



'0 Jo 

If < fc < 1, < m,n < 1 
(2.3) 

When 7/ = 1, by (P^ . we get 

/(«) + /(&) 1 



/' 



dtds 

m(l~s") 



dtds 



< 





2 




— a 
2 




-) 

m / 


— a 
3 




-) 

m J 


m 


, we 


get 


fib) 




1 



6- 



/ {x) dx 



\s - t\ dtds + 



n\s - t\ dtds 
- 



b — a 



I {x) dx 



< 



b 


— a 


/' 




m - 










2 


\m J 




b 


— a 


/' 




m - 






-) 






2 







1 pi 



\s-t\r]°'*dtds+ / / \s-t\r]°"dtds 



o? \\? 77 — 2a In + 4?7" + o?Tf In"^ 77 — 2a77" In 77 — 4 



2a3 In^ 



J] 



-a hi 77 + 277" — 0177" In 7; — 2 



2a^ In^ J] 
which completes the proof. 



□ 



Corollary 1. Let I D [0, 00) be an open interval and let f : I ^ (0,oo) be a 
differentiate function on I such that f ^ L (a. b) for < a < b < 00. If \ f' {x)\ is 
m-logarithmically convex on [O, for m G (0, 1] , then 



f{a) + f{b) 1 



/ {x) dx 



2 6~a, 
where rj is same as Theorem{I\ 



< 



^i/'(^)r, v=i 

(b-a) I f / / 6 M ™ - In" i)-2 lin)+2»)-2 ^ , -, 
~^2~\-l[m)\ ' < 
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Corollary 2. Let I D [0, oo) be an open interval and let f : / — >■ (0, oo) be a 
differentiable function on I such that f E L (a, b) for < a < b < oo. If \ f' {x)\is 
a-logarithmically convex on [0, b] for a G (0, 1] , then 



f{a) + f{b) 1 



/ {x) dx 



< 



(b— g) I ri irj" —4a In i) — In^ — 4 



77 = 1 

rj <1 



where Tj=\f {a)\ / \f {b)\ . 



Theorem 2. Let I D [0, oo) be an open interval and let f : / — >■ (0, oo) be a 
differentiable function on I such that f G L (a, b) for < a < b < oo. // |/' {x)\'^ 
is an {a, m) -logarithmically convex on [O, ^] for (a,m) G (0, 1]^ and p,q > 1 with 



P 9 



= 1, then 



(2.4) 



f{a) + f{b) 1 



6- 



/ (x) dx 



(P+l)(P+2)) ^ ( "in r/'a,'!!,) ) ' 



•q — 1 
rj <l 



where r]{a,a) is same as Theorem]^ 

Proof. Since |/'|' is an (a, m)-logarithmically convex on [O, ^] , from Lenima[T]and 
the well known Holder inequality, we have 



(2.5) 



< 



< 



< 



/(«) + /(&) 1 



b — a 
2 

b — a 



2 6- a 

• 1 rl 



f (x) dx 



(/' {ta + {l-t) b)) ~ (/' {sa + (1 - s) 6)) I |s - t\ dtds 



'0 "'0 

»i /.I 



N-t|i/'(«)r 



6-- '•1 '•1 



•^-tii/'(«)r 



/' - 



i(i-r) 



dtds 



dtds 



b ^ a 



f 



m 
1 /.I 



m / ^1 ^1 



|s - tfdtds 



Jo 



^7 



"'0 



■f^dtds] 



"'0 
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If 77 = 1, by p.3|) . we obtain 

/(«) + /(&) 



6- 



/ (x) dx 



< (6 - a) 

= ib~a) 
If 77 < 1, by ijO]) . we obtain 

(2.6) 



|s - dtds 



(p+l)(p + 2) 



/(«) + /(&) 



b — a 



f (x) dx 



< 



1 rl 



1 pi 



\s-t\^dtds] 



''^"dtds 



"'0 



"'0 



= ih-a) r(- 
which completes the proof. 



(p+l)(p + 2) 



r;«" dtds 

1 _ 
77 {aq, aq) — 1 ^ ' 

In 7; {aq, aq) 



□ 



Corollary 3. Let I D [0, 00) be an open interval and let f : I ^ (0, 00) be a 

differentiate function on I such that f & L (a, b) for < a < b < 00. If \ f' {x)\'^is 
an m-logarithmically convex on [O, ^] for m G (0, 1] and p = q = 2, then 



/(«) + /(&) 



/ (x) dx 



< 



ib~a)\f{±)\' 



77 = 1 



1 f ni2^2)-i\ 2 



6 ^ ln?7(2,2) 



77 < 1 



Corollary 4. Let I D [0, 00) be an open interval and let f : / — >■ (0, 00) be a 
differentiable function on I such that f G L (a, b) for < a < b < 00. If \ f' {x)\is 
a-logarithmically convex on [0, b] for a G (0, 1] , then 



f{ci)+f{b) 



b — a 



f {x) dx 



< 



ib-a)\rib)\[ 



(p+l)(p+2) 
2 



P f ri(aq,aq)-l \ i 



{b a) I/' (^(p_|_i)(p+2)y \lnr,{aq,aq) 

where Ti=\f' (a)|/|/' 



77=1 
rj <l 



Theorem 3. Let I D [0, 00) be an open interval and let f : / — >■ (0, 00) be a 
differentiable function on I such that f'€L (a, b) for < a < b < 00. If \ f' {x)\'' is 
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(a, m) -logarithmically convex on [O, for {a,m) e (0, 1] , and then 



(2.7) 

/ (a) + / {b) 1 



/ (a;) dx 



< 



b— a \ fl I b 

4(i)^"|/'(;^)r 



2y-2 _ y+1 _ 1-y 
[Incp]-* [Invj]^ 2 In 



y-1 y+1 



rj = 1 
ij < 1 



where rj {a, a) is same as TheoremUl and we take rj {aq,aq) = ip . 

Proof. Since |/'|' is an (a, TO)-logarithmically convex on [O, -^^j , for q > 1, from 
Lemma [T] and the well known power mean integral inequality, we get 



/ (a) + / (b) 1 



2 b-a 

b-a 



/ (x) dx 



< I I \if'ita+{l-t)b))-ir{sa+{l-s)b))\\s-t\dtds 



< 



b — a 
2 

b — a 



Jo 
1 pi 



\s-t\dtd^ " (^j^ \s-t\\f' {ta^{\^t)b)\'^ dtd^ 



1 fl 



\s — t\ dtds 



1 fl 



t\\f'{sa+{l-s)b)\''dtdsj 



< 



b a 



2 

b — a 



\ m 



1 (.1 



r 



"'0 

|s-<|dtrfs) ' ( / / |s -<|77«*° dids 

"'0 / \"'0 "'0 

s~t\dtds\ ( / / \s - t\r\i''" dtds 



^0 



^0 



When ?7 = 1, by (|2.3p . we obtain 



fia) + f{b) 1 



b — a 



< 



2 V3 

5-a /I 



m / ^1 ^1 



t|dtds ) 



2 V3 



/' 



Jo 

m / „1 „1 



\s — i| dids 
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When 7? < 1, by ([23|) . we obtain 
fia) + f{b) 1 



< 



b-a fl 



b — a 



\ m 



f (x) dx 



\s - t\ri""^' dtds] 



h-a fl 

6- a /I 
2 I 3 



/' 



/' 



Jo 

m / „1 „1 



'0 Jo J 



2rj{aq,aq) — 2 rj{aq,aq) + l l — rj{aq,aq) 



_[\n{ri{aq,aq))] [In (77 (ag, ag))] 
r]{aq,aq)-l ri{aq,aq) + l 



2 In {rj (aq, aq)) 



[In (77 (a(j, aq) )] ^ 2 In (77 (ag, ag) ) 
which completes the proof. 



□ 



Corollary 5. Lei / D [0, cxd) be an open interval and let f : / — > (0, 00) be a 
differentiable function on I such that f ^ L (a, b) for < a < b < 00. // [/' (a::)|'7s 
m-logarithmically convex on [O, for m G (0, 1], then 



f{a) + fib) 



1 



< 



b ~ a 

b—a \ -fl ( b_\\ 
3 ^ K \m)\ 

\^ ( m ) I 

2v(q.q)~2 

[ln»j(g,g)]^ 



/ (a;) dx 



[lni,(g,g)]^ 21nr,(g,g) 



7? = 1 



[ln.)(9,9)]" 



9) + ! 
2lnri(q,q) 



,7y < 1 



Corollary 6. Let I D [0, cxd) be an open interval and let f : I ^ (0, 00) be a 
differentiable function on I such that f ^ L (a, b) for < a < b < 00. If [/' {x)\ is 
a-logarithmically convex on [0, b] for a G (0, 1] , then 



fia) + f{b) 



< < 



2 b-a 



f (x) dx 



2rj[aq^aq)—2 rj{ctq.Oiq) + l l—rj{aq,aq) 

[ln(ri(aq,aq))\' [ln(ri(aq,aq))Y 2\i\{ri(aq,aq)) 



ri{aq,cxq) — l 



ri{aq,aq) + l 



l\n{rj{aq,aq))]'^ 21n{ri(aq,aq)) 



7] = 1 
7? < 1 



77;;7ere77= |/'(a)|/|/' 

Theorem 4. Let f : I C K+ — > M+ be differentiable on 1° , a,b ^ I, with a < b and 
f £ L {[a,b]) . If \ f'\ is an {a, m) -logarithmically convex [O, ^] for (a, tti) G (0, 1] 
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and /i^, /i2, Ti, ■'■2 > with + ti — 1 and ^-2+ T2 ~ 1, then 
(2.8) 

f (n\ f(b') 1 /■'' 

/ (x) dx 

2y.\ 



f (a) + f{b) 1 
2 6- 



< { 



{b- 



2^2 

(2/il + l)(Ml + l) ^ (2/i2 + l)(M2 + l) 

2^1 



7-1 + T2 



+ ri "^V°'! X +T2 '^^^'^^ 



(2m2 + 1)(^2 + 1) 



rj — 1 
?7 < 1 



where •q{a,a) is same as Theorem]^ 

Proof. Since |/'|' is an (a, m)-logarithniically convex on [O, ^] , from Lemnia[Tl we 
have 



(2.9) 



/(a) + /(6) 1 



< 



< 



2 

ib-a) 
2 

(6-a) 
2 

(6 -a) 



2 6- a 

1 rl 



I [x] dx 



\{f {ta +{l-t) b)) - (/' {sa + (1 - s) b))\ \s - t\ dtds 



Jo 



1 pi 



Jo 



t\\f'{a)f 



^ ("0 


m(l-t°) 


dtds 







771 (1 —S'^ ) 



dtds 



1 /.I 



|s-t|r;* dids+ / / |s-t|r;'' dtds 



for all i G [0,1]. Using the well known inequality rt < jir + rt^ ^ on the right side 
of dsn, we get 



n\s~t\rf° dtds+ [ f \s -tlTj^^dtds 
Jo Jo 



(2.10) 



1 pi 



< Ml 

+M2 

/O "'O 

When ?7 = 1, by (|2.3p . we get 

r-l /.I 



|s - t| ^"1 dtds + Ti / / rj^idtds 
Jo Jo 



1 pi 



|s — t| "2 dtds + T2 / ^2 dtds 
Jo Jo 



(2.11) 



< 



n|s-t|77*°dtds+ / / |s-t|r;"°dtds 
"'0 "'0 

2m? 



2fi^ 

(2^1 + 1) (/.I + 1) + (2/X2 + 1) (M2 + 1) 



Tl + T2 
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When 7? < 1, by (f23|) . we get 
(2.12) 



f f \s - t]!^ dtds + [ f \s-t\7f"dtds 
Jo Jo Jo Jo 



— A^i / / \s " t\t^i dtds + Ti / / ri^idtds + fi2 / / \s — t\^'2 dtds + T2 
Jo Jo Jo Jo Jo Jo 

^ t^l / \s ~ t\^'^ dtds + fl2 / / \s — t\ dtds + Ti / / ?]-^idtds + T2 

Jo Jo Jo Jo Jo Jo 

'^(tT'Tt)-! ^(t^-Ti)-! 



(2/ii + 1) (Mi + 1) (2/^2 + 1) (M2 + 1) inrif^ iL^ \nri(^ ^ 

from (|2.9p - (l2.12p . which completes the proof. □ 

Corollary 7. Under the assumptions of Theorem^ and ^ — fj,i — > 0, t — 
Ti = T2 > with fi + T = 1, then we have 



fia) + f{b) 1 



b — a 



f (x) dx 



(b-a) 
2 



< 



2t 



jb-a) 



(2m+1)(m+1) 

(2m+1)(/x+1) + ^^i„^(^;^) 
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